Abstract-The goal of this paper is to design a control of mini quadrotor under wind perturbations. Taking into account a detailed unmanned aerial vehicle (UAV) model, the aim is to find a sliding mode control law minimizing the impact of the wind field on UAV dynamics. For this purpose an aerodynamic modelization of external disturbance is introduced. After that, upper bounds of these disturbances are computed. Lastly, the sliding mode altitude and attitude controls are designed. The peculiarity of the considered case is that the disturbance upper bounds depend on the control amplitude itself (i.e. the system is nonlinear in control), which leads to a new procedure for the control tuning presented in the paper. The results of numeric experiments demonstrate the effectiveness of the obtained controls, and the comparisons with a conventional first order sliding mode control, having the function sign proportional to a constant gain, and a recent quasi-continuous sliding mode control are also given.
I. INTRODUCTION
Autonomous UAVs are increasingly popular platforms in last decades. They are useful for many applications such as monitoring, inspection, and other actions especially in urban areas or nearby buildings and interiors. These machines are often required to move in unfamiliar environments in terms of geography and in terms of the aerological conditions. In addition, the low mass of such units (comparing to the forces generated by the air disturbances) reduces significantly the domain of stable flight, then additional constraints have to be considered in the control design. Thus, it appears inevitable that, if we want to let UAVs operate in urban environments, inside turbulent airflow patterns for which accurate prediction is not possible with limited resources, we need to focus on detailed aerodynamic models and sophisticated control laws. This paper is part of a project at Onera lab of Lille which aims to use the drone itself as wind sensor in a navigation process usable in windy urban flight scenario. The objective is to build a robust altitude and attitude nonlinear controller for a small UAV with a limited knowledge of the wind perturbation. The aerodynamic model described in this article can be used to estimate wind speed as in [1] , the estimated values can be used in the control to properly adapt the gains on-line. 
A. State of the Art
In literature, the quadrotor physical models with different grade of complexity are presented and used for different tasks. For example, to mention the most relevant in our study, [2] considers aerodynamic moments and forces varying in time affected by the perturbations, then linear PID controllers are applied. The work [3] presents more deeply the dynamic equations than the previous ones, but it does not take into account the wind effects.
There exist many control design techniques to counteract the effects of wind perturbations on flight of small UAVs, among which sliding mode control (SMC) plays a keyrole. The main reason consists in its excellent robustness properties against matched perturbations and measurement noises, and finite-time rate of convergence also. Many methods have been proposed in literature, [4] illustrates all the principal SMCs with their relative sliding surfaces and Lyapunov functions. Hundreds of articles have applied SMC to quadrotors in order to solve the position and the attitude tracking problems ensuring robustness against external disturbances. Just to take some of them, a chattering-free SMC was proposed in [5] , replacing the sign function with a high-slope saturation function. A SMC based on Backstepping approach was introduced in [6] , and an enhanced version was proposed in [7] using fuzzy logic. The works [8] and [9] use an algorithm based on the second order SMC technique known as SuperTwisting Algorithm. Second order SMC was also proposed in [10] , and [11] uses a high-order SM observer as an estimator of the effect of the external disturbances such as wind and noise. Integral SMC were proposed in [12] , and an adaptive SMC was developed in [13] .
In this paper a robust nonlinear SMC law design is described, which considers realistic assumptions on external disturbances of quadrotors. In the considered case the upper bound of matched disturbances depends nonlinearly on the control itself. The closed-loop system stability is ensured for a selected maximum admissible value of the wind speed. The proposed in this article control strategy can be equipped with an additional wind estimator algorithm, as in [1] , reducing automatically the control effort on the rotors when it is not necessary.
The article outline is as follows. The considered model of UAV is given in Section II. The control and disturbance bounds are calculated in Section III. The control design is presented in Section IV. The results of simulation are shown in Section V. The remarks and discussion conclude the paper in Section VI.
II. QUADROTOR DYNAMICAL MODEL
This section presents the model of the UAV dynamics, which has configuration as it is shown in Fig. 1 , and which is used for the Onera project to estimate the wind velocity, making the drone as a wind sensor. According to the identification work at low speed in [14] using the Parrot AR Drone 2.0, rotors gyroscopic effects and inertial counter torques are neglected since they are rather small.
The translation dynamics of the drone in the body frame yield
where m is the mass of the UAV, u = [u v w] T is its linear velocity expressed in body frame, ϖ = [p q r] T is its angular velocity in body frame,
T is the vector of the external aerodynamic forces in body frame, g = [0 0 g] T is the gravity acceleration in inertial frame, R is the rotational matrix defined as
where c ψ = cos(ψ), s ψ = sin(ψ) and similarly. The rotational dynamics of the drone with respect to inertial earth frame are
where I is the inertia matrix of the UAV, and τ aero = [L aero M aero N aero ] T is the external aerodynamic moments in the body frame. The relation between angular velocities and Euler angleṡ
are considered avoiding the singularities θ = π 2 , which is a reasonable assumption in our case since the topic of this article is not to achieve aggressive maneuvers.
Hence the full model of the system is presented by the equations (1), (2), (3).
A. Aerodynamics
The aerodynamic forces, moments, and coefficients are derived using a combination of momentum and blade element theory in helicopters, well explained by [15] , [16] , [17] .
Aerodynamic forces and moments for each rotor, where subscript j indicates the j th rotor, are derived as
where ρ is the air density, A is the rotor area, R is the rotor radius, [u w v w w w ] is the wind velocity with respect to the earth in body frame, C H is the hub force coefficient, C T is rotor thrust coefficient, ω is the rotor angular speed, C Q is the rotor drag moment coefficient, C Rm is the rotor rolling moment coefficient. Total aerodynamic forces are
Total aerodynamic moments are
where h is the distance between rotors plane and the center of gravity of the UAV, l is the arm lenght, and with c j = cos
In our UAV configuration we have ε = According to [14] and thanks to experiments on Parrot drone, the aerodynamic coefficients are identified as follows
where σ is the rotor solidity ratio, a is the lift curve slope of the blade section, C D0 is the drag coefficient of the blade section, θ 0 is the angle of attack of the root profile, λ is the inflow ratio, μ is the advance ratio, subscript stat indicates the value in stationary phase. The shape of above UAV coefficients can be explained recalling aerodynamic science: the thrust is the resultant of the vertical forces acting on all the blade elements. The inflow ratio is the ratio between the component of UAV velocity perpendicolar to the rotor disk with respect to the blade tip speed. The advance ratio indicates the component of the UAV velocity parallel to the rotor disk with respect to the blade tip speed. The rolling moment of a propeller exists in forward flight when the advancing blade is producing more lift than the retreating one and it is the integration over the entire rotor of the lift of each section acting at a given radius. The hub forces is the resultant of the horizontal forces acting on all the blade elements. The drag moment about the rotor shaft is caused by the aerodynamic forces acting on the blade elements, the horizontal forces acting on the rotor are multiplied by the moment arm and integrated over the rotor.
III. CONTROL SYSTEM EQUATIONS
The model presented in previous section can be rewritten in 
. In this work, the control inputs are selected to be proportional to the terms with ω 2 j . Thus, expanding (1) and (2), the other terms dependent linearly on ω j and wind velocities are considered as disturbances. Since we do not know in advance the wind perturbations, then we cannot use these terms in controls. Such a decomposition of thrust (which is proportional to ω j and ω 2 j ) and selection of disturbances are almost exact in the hover flight, where we have that (p, q, r) ≈ (φ ,θ ,ψ).
A. Definition of disturbance upper bounds
In literature, fixed bounds are often assumed on each component of the disturbance input vector d, which means |d| ≤ D for some known D ≥ 0. However, this is often quite conservative. In our case the varying state-dependent bounds will be considered, but we will assume boundedness of the wind velocities:
which come out from the on-board wind estimator explained in [1] . Taking into account the proposed model equations
substituting (6), (4) and (5) in (1) and (2), and considering the terms not proportional to ω 2 j . To design a control, which is able to compensate the disturbances, we have to evaluate the upper bounds for them.
1) Disturbance in z dynamics: From the computed d z
j=1 ω 2 j , from which applying the Jensen's inequality an upper estimate can be obtained
An upper bound of the disturbance becomes
2) Disturbance in roll dynamics: From the computed d φ and (7), the disturbance becomes
where
3) Disturbance in pitch dynamics:
From the computed d θ and (7), the disturbance becomes
4) Disturbance in yaw dynamics:
From the computed d ψ and (7), the disturbance becomes
IV. CONTROL DESIGN
For synthesis of control law the SMC approach will be applied. This control methodology takes into account and compensates the matched disturbances. The big issue for the considered problem is that the disturbance d depends on wind, the control itself, and state of the system, as shown above. Thus, a mild development of SMC approach is needed.
To this end, the sliding surfaces in this work (for brevity of presentation) are selected proportional to the errors e i
where i ∈ (z, φ , θ , ψ). The Lyapunov function is chosen as
A. Altitude control The dynamics of z can be rewritten in the earth framë
In hover state we have cos θ cos φ ≈ 1, thus with a rotation of the UAV, a reasonable assumption is that | cos φ cos θ | ≥ γ > 0, where γ is our operating point limit. To build the altitude control, the regulation error has been chosen as
where z des is the desired altitude for UAV. Thus, using (13) and its derivative in (10), the derivative of the sliding surface isṠ z =z + α zż , which is, using (12) , also equal tȯ
The following expression of the control can be selected
whereũ z is an auxiliary control defined later. After substitution of this control in (14), we obtaiṅ
Using the Lyapunov function (11) with (15), its derivative iṡ
Then, using (8), the Lyapunov derivative becomesV
Let us look for the control in the form
where β (X) is a function to synthesize. Substituting this control in the obtained inequality (16) we getV ≤ |S z | ρ(X)+ ν(X) β (X) − β (X) , and it is necessary to ensure by a choice of β (X) that ρ(X)+ν(X) β (X)−β (X) < 0. Solving this quadratic inequality with respect to β (X) we found
where for tuning parameter δ > 0 the system state trajectory reaches and stays on the sliding surface S z , which means asymptotic convergence of e z to the origin. Moreover, finitetime stability with respect to S z can be proved according to [4] , sinceV < −δ √ 2V .
B. Attitude control
In the following, (φ ,θ ,ψ) are computed from (3).
1) Roll control:
The dynamics of φ can be rewritten as
To build the roll control, the error has been chosen as
where φ des is the desired roll angle. Thus, using (18) and its derivative in (10), let us calculate the derivative of the sliding surfaceṠ φ =φ + α φφ , which is, using (17) , also equal tȯ
After substitution of this control in (19), we obtaiṅ
Using the Lyapunov function (11) with (20) and (9), its derivative becomeṡ
To have (21) negative, the auxiliary control for φ dynamics must beũ
Pitch and yaw controls can be designed following computations similar to the roll one. So, for brevity of presentation, only final expressions are given below.
2) Pitch control: The auxiliary control for θ dynamics
with the following expression of control
3) Yaw control:
The auxiliary control for ψ dynamics
C. Chattering reduction
Unfortunately a big SMC issue is the chattering of the control which can ruin the rotors. This phenomenum is caused by the presence of a discontinuous function in the control and due to the unmodelled dynamics or uncertainty of the UAV model parameters. In literature the chattering is a standard and well-known issue, discussed in many articles such as [5] , and plenty sophisticated methods to avoid it have been presented. A saturation function is frequently used in implementation as the simplest tool to suppress chattering, when a smooth nonlinearity replaces the sign function to avoid the discontinuity at the origin in order to obtain a smoother behavior:
with ξ > 0. Moreover, according to [18] , if for a sign function all trajectories converge to an equilibrium, then with a saturation, for a sufficiently small ξ , all trajectories converge to a compact set Ω ξ around that equilibrium. Thus, saturation functions are a standard tool for chattering reduction in SMC that leads to a practical stability in the closed-loop system. In our case ξ should be chosen small enough to find a compromise between chattering reduction and minimal acceptable error. Another way to reduce chattering consists in application of a high order SMC, an example of such a recent tool is the quasi-continuous control [19] , which can also be considered as an approximation of the sign on the plane. Here, the sliding surface is not useful anymore since the control allows the reference point to be reached by the state directly from any initial condition in a finite time without any auxiliary dynamics.
Recall that for z dynamics, the second derivative of the position error has the form
In [20] , [19] it is stated that for the system
where β q (X) is the new function to synthesize, the origin e =ė = 0 is reached in a finite time provided that β q (X) > ||d z || ∞ . Thus, substituting (23) in (22) the quasi-continuous control in our case has to be selected as follows
The control is bounded by |U z | ≤ m γ (g + β q (X)), and taking into account the derived bound for d z the final inequality for
The other dynamics can be designed following similar computations. So, for brevity of presentation, only final expressions are given below for roll, pitch and yaw
To avoid completely the chattering a slight modification of the quasi-continuous control can be introduced: adding a small constant in the denominator.
V. NUMERICAL EXPERIMENTS
The UAV dynamics and controls have been implemented in Matlab/Simulink environment. To show the performance of the proposed control laws with respect to reference input signals, we are going to consider the Parrot Drone parameters which has mass m = 0.47 kg, rotors velocities 200 rad/s ≤ ω j ≤ 400 rad/s. Even if the control law is designed using some simplifying hypothesis, the final control is tested on a more complex UAV model which considers all the coefficient nonlinearities, validated through indoor experiments with the Parrot at the ONERA Aerodynamics, Aeroelasticity, Acoustics Department to simulate the real quadrotor behaviour. For simplicity of demonstration the desired references for the states and wind maximal speed are selected constant.
A flight case is illustrated which considers forward, lateral and vertical flights (coupling together z, φ , θ , ψ). The corresponding disturbances and wind are illustrated in Fig. 2 . The controls together with state variables and reference states are illustrated in figures 3, 4, where conventional first order SMC (conv-SMC), having the constant gain proportional to the sign functions (
, the proposed first order SMC (1-SMC) and the high order quasi-continuous SMC (qc-SMC) are compared. In the proposed stabilizing algorithms, the control gains are functions of the state and wind velocity, then using a wind estimator the wind velocities can be substituted on-line in the control law. In this way, by adapting the control amplitude, the regulator effort on the rotors can be reduced when it is possible. The SMCs, which use the indicated gain functions, are less subjected to use high amplitude control, as we can conclude from these figures.
As a result, the presented simulations demonstrate the stability of the system affected by wind velocity and realistic external disturbances, respecting the limitations of the mini drone mass and thrust. 
VI. CONCLUSION
A robust SMC approach is introduced to stabilize a small quadrotor UAV under wind perturbations. The constant gain, in conventional SMCs, is replaced with a varying function which depends on the wind speed, the control itself and the state. In this way we aim to reduce as much as possible the control effort on the rotors, adapting in real-time the weighted function used in the control design. The presented simulation results confirm the effectiveness of the designed control to stabilize the drone under varying wind, and its stability can always be proved changing the maximal allowed wind values. The contribution with respect to conventional first order SMC is presented, and a recent quasi-continuous high order SMC is also tested and verified. For a further investigation the following directions can be chosen: application of this control methodology using x, y, z position way-points, the extension of the flight domain considering smooth trajectories with first and second derivatives, the coupling wind estimator and SMC can be analyzed, and introduction of the rotor transfer functions and investigation their influence.
